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Abstract:
In this paper, a mathematical model of Hele-Shaw flow was developed on the basis of the
field equation of micropolar fluid. The motion equation of micropolar fluid was extended to
flow in porous media, contributing to the mathematical model of the unsteady radial flow
of micropolar fluid in an infinite reservoir. The relations between flow velocity, pressure
gradient and flow rate were obtained by solving the mathematical model under fixed
production internal boundary and fixed-pressure external boundary conditions. In addition,
the effect of the physical properties of micropolar fluid on its flow was analyzed. The
results indicated a significant dependence between the apparent permeability and physical
properties of micropolar fluid, which clearly deviated from the Newtonian fluid. The results
showed that, as the ratio of rotational viscous force to Newtonian viscous force in the
micropolar parameter and the characteristic length of the micropolar metamaterial increase,
the non-Newtonian characteristics of the fluid become gradually more significant. The non-
Newtonian behavior of micropolar fluid consequently becomes unneglected, leading to a
decreasing apparent permeability. Compared with a Newtonian fluid, a micropolar fluid
causes obvious flow resistance, resulting in larger energy consumption and lower flow
rate. This study can provide an academic reference for nonlinear rheology and the flow of
heterogeneous fluids in the fields of petroleum engineering and biofluid flow.

1. Introduction
With the advance of the continuous flow field theory,

the micropolar field theory has been applied to the study of
matter with a certain internal structure. Studies on polymer
fluids, the cooling of a metallic plate in a bath, animal
bloods, exotic lubricants, and colloidal or suspension solu-
tions are typical applications of this theory (Siddheshwar
and Manjunath, 2000; Chang-Jian and Chen, 2006; Nabwey
and Mahdy, 2021; Yadav and Kumar, 2021). According to
numerous experiments, nonlinear rheological behaviors appear
when heterogeneous fluids transport in a porous media or
a narrow channel compared to fluid molecules (or particles
included in fluid) with characteristic size (Chen and Price,
2006; Lok et al., 2007). For instance, the viscosity of blood
measured in a porous media is larger than that measured in a
conventional channel (Masuda et al., 1992; Ellahi et al., 2014;
Mohamadian et al., 2018). Due to the poorer applicability of
the classic theory, various non-Newtonian fluid models have
been proposed to describe this phenomenon. The relationship
between shear stress and shear strain rate of a non-Newtonian

fluid shows a nonlinear trend, meaning that Newton’s law
of viscosity cannot be applied (Zhu et al., 2017; Gu et al.,
2020). Generally, the most common fluids in engineering
such as pseudoplastic fluids and dilatant fluids show shear-
thinning and shear-thickening characteristics, respectively, and
the most widely applied fluid model is the power law model
(Zhang et al., 2016) that is suitable within a medium range
of shear rate (Faltas and Saad, 2005). The buckling model
(Wang et al., 2007) describes the effect of temperature on the
viscosity of non-Newtonian fluids. The Prandtl-Eyring model
(Hussain et al., 2019) was established for viscoelastic fluid
and the description of zero shear viscosity. The micropolar
fluid model (Eringen, 1966; Su, 2016) with asymmetric stress
tensors can explain the complex flow composed of dipole
elements. Other developed models are the Bingham model
and the Herschel-Bulkley model (Pranesh, 2003; Huang and
Wu, 2014), while the micropolar fluid model (Eringen, 1966)
proposed by Eringen more directly reflects the non-Newtonian
characteristics.

Several studies have presented the Hele-Shaw flow of
micropolar fluids and its typical solutions, and these mean-
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ingful works provided some guidance for subsequent studies
(Prakash and Sinha, 1975; Qiu, 1990; Aydin and Pop, 2005).
However, the micropolar fluid involved in the above work is
still assumed to satisfy the viscosity properties of a Newtonian
fluid, leading to the neglect of the additional viscosity effect
of micropolar fluid particles due to their own rotation in the
resulting solution. In addition, the radial seepage of micropolar
fluids in the formation has not been studied. Herein, in order
to remedy these deficiencies, the Hele-Shaw flow equation
for micropolar fluids was re-derived based on the classical
micropolar theory. The obtained flow equation was solved by
using the characteristic solution method of linear ordinary dif-
ferential equation, while the micropolar effect was taken into
account to reflect the increase of viscosity due to the rotation
of fluid particles in the flow solution. Subsequently, a new
form of analytical solution of the flow equation was obtained.
On the basis of the obtained flow solutions, combined with
the equation of continuity, equation of state, and equation of
motion, a mathematical model of unsteady plane radial flow of
a micropolar fluid in porous media was developed and solved.
Actual field data from the Songliao Basin were selected for
model reliability validation, and the effects of the ratio of
rotational viscous force to Newtonian viscous force and the
characteristic length of the micropolar element material on
the pressure distribution, IPR curve, and percolation velocity
were analyzed.

The micropolar fluid model can be employed to describe
the migration of various fluids, such as the flow of blood (Roy
and Beg, 2021), crystals (Lhuillier and Rey, 2004) and sus-
pensions (Wang and Liu, 2005), showing broad suitability in
the fields of lubrication, oil exploration, combustion products,
environmental pollution reduction, drilling, etc (Fatunmbi and
Salawu, 2020). This model is of great value for the study
of micropolar fluid flow in porous media, both to provide
theoretical guidance and to enhance practical engineering ap-
plications, such as in oil drilling, exploration and development,
petrochemicals, and so on.

2. Theory and model

2.1 Hele-Shaw flow equation and solution for
micropolar fluid

While it occurs within the narrow slit between two parallel
glass plates (Kondic et al., 1996), as shown in Fig. 1, the Hele-
Shaw flow is dominated by viscosity and features negligible
inertia.

Under the assumptions of low velocity, unsteady state and
insignificant gravity, the field equation in vector form (Murthy
and Srinivas, 2013; Pramod et al., 2018) can be written as:

∂ρ

∂ t
+∇(ρ~v) = 0

−∇Π+(λv +2µv +dv)∇∇~v− (µv +dv)∇×∇×~v

+dv∇×~w+ρ

(
~f − v̇

)
= 0

(αv +βv + γv)∇∇~w− γv∇×∇×~w+dv∇×~v

−2dv~w+ρ

(
~L− σ̇

)
= 0

(1)

Fig. 1 Hele–Shaw flow model

h

Fig. 1. Hele-Shaw flow model.

When neglecting the higher-order terms, body forces and
couples in Eq. (1), then v̇ = 0, ~f = 0, ~L = 0, σ = 0. Subse-
quently, the simplified form of Eq. (1) is obtained as follows
by replacing Π with pressure p:

∂ρ

∂ t
+∇(ρ~v) = 0

−∇p+(λv +2µv +dv)∇∇~v− (µv +dv)∇×∇×~v
+dv∇×~w = 0

(αv +βv + γv)∇∇~w− γv∇×∇×~w+dv∇×~v
−2dv~w = 0

(2)

or a further simplification can be expressed as
∂ρ

∂ t
+∇(ρ~v) = 0

− (µv +dv)∇×∇×~v+dv∇×~w−∇p = 0

− γv∇×∇×~w+dv∇×~v−2dv~w = 0

(3)

where ρ represents the mass density, ~v represents the velocity
vector, ~w represents the angular velocity vector, ~f represents
the body force of unit mass, ~L represents the body couple,
λv and µv represent the characteristic coefficients of classical
fluid mechanics, and dv, αv, βv, and γv are the new viscosity
coefficients of micropolar fluid.

Considering the slit flow mentioned above, the height of
the slit in the y direction is small. It can be assumed that the
velocity and angular velocity of the micropolar fluid have the
following form: {

~v = (u1,u2,u3)

~w = (w1,0,w3)
(4)

Subsequently, Eq. (3) can be written as

(µv +dv)
∂ 2u1

∂y2 +dv
∂w3

∂y
− ∂ p

∂x
= 0

(µv +dv)
∂ 2u3

∂y2 −dv
∂w1

∂y
− ∂ p

∂ z
= 0

γv
∂ 2w1

∂y2 +dv
∂u3

∂y
−2dvw1 = 0

γv
∂ 2w3

∂y2 −dv
∂u1

∂y
−2dvw3 = 0

∂ p
∂y

= 0

∂ p
∂ t

+∇(ρ~v) = 0

(5)

The relevant boundary conditions are as follows:
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{
y = 0 : u1 = u2 = u3 = 0,w1 = w3 = 0

y = h : u1 = u2 = u3 = 0,w1 = w3 = 0
(6)

As a result of the independence of p and y, the first and
fourth equations in Eq. (5) can be regarded as two ordinary
differential equations (ODEs) that are satisfied by variables u1
and w3. Similarly, the second and third equations in Eq. (5) are
ODEs for variables u3 and w1. Combined with the boundary
conditions, a group of solutions can be derived as



u1 =−
1

2µv +dv

∂ p
∂x

×
[(

hy− y2)+ N2

m
ch(my)h− ch(mh)y+(y−h)

sh(mh)

]
u3 =−

1
2µv +dv

∂ p
∂ z

×
[(

hy− y2)+ N2

m
ch(my)h− ch(mh)y+(y−h)

sh(mh)

]
w1 =−

1
2µv +dv

∂ p
∂ z

[
sh(my)h
sh(mh)

− y
]

w3 =
1

2µv +dv

∂ p
∂x

[
sh(my)h
sh(mh)

− y
]

(7)

In Eq. (7), N = [dv/(µv +dv)]
0.5 and m =

{(
d2

v +2µvdv
)
/

[γv (µv +dv)]}0.5.
The flow rate of unit width is expressed as:



qx =
∫ h

0
u1dy

=− 1
2µv +dv

∂ p
∂x

h3

6

1+6l̄2

1−

N
l̄

ch
N
l̄
+

N
l̄

2sh
N
l̄




qz =
∫ h

0
u3dy

=− 1
2µv +dv

∂ p
∂ z

h3

6

1+6l̄2

1−

N
l̄

ch
N
l̄
+

N
l̄

2sh
N
l̄




(8)

In the above equation, l = N/m = [γv/(2µv +dv)]
0.5.

When l̄ = l/h, ~q = (qx,qz), and

~q =− h3

6(2µv +dv)

1+6l̄2

1−

N
l̄

ch
N
l̄
+

N
l̄

2sh
N
l̄


∇p

=− k

µv +
dv

2

∇p

(9)

then the available the permeability of micropolar fluid will be

k =
h3

12

1+6l̄2

1−

N
l̄

ch
N
l̄
+

N
l̄

2sh
N
l̄


 (10)
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Fig. 2. Influence of micropolar fluid characteristics on the permeability
change.

Eqs. (8)-(10) indicate a significant relation between the
permeability and characteristic parameters of micropolar fluid.
Compared with a Newtonian fluid, the appearance of di-
mensionless characteristic parameters N and l̄ is the most
conspicuous difference. From the physical meaning of N2 and
l̄, Eq. (8) degenerates to an expression of Newtonian fluid
when N2 = 0. Eq. (9) reflects Darcy’s law of a micropolar
fluid. Since k0 = h3/12 is the permeability of a Newtonian
fluid (Biao et al., 2011), Eq. (10) can be rewritten as

kmr =
k
k0

= 1+6l̄2

1−

N
l̄

ch
N
l̄
+

N
l̄

2sh
N
l̄

 (11)

k = k0kmr (12)

where kmr is the relative permeability of micropolar fluid.
Fig. 2 illustrates the effect of micropolar parameters N2

and l̄ on the apparent permeability km on the basis of the
calculation performed through Eq. (10). With the increase in
N2, kmr shows a decreasing trend when l̄ is constant, while
the reduction of km is proportional to N2. For a fixed N2, kmr
decreases as l̄ increases. When l̄ is less than 0.4, the change
of km along with l̄ is significant than that when l̄ is larger than
0.4, in which case kmr can be regarded as a constant.

2.2 Unsteady mathematical model and relevant
solution of micropolar fluid
2.2.1 Mathematical model of micropolar fluid flow in
porous media

Although it is difficult to study flow in porous media that
has a complex structure, it can be approximated by the Hele-
Shaw flow based on similarity. According to previous analysis
and experience, the porous media is assumed to be constructed
by countless pores with a size of h that satisfies a distribution
function Φ(h), and the apparent permeability of micropolar
fluid can be logically given as
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km =
∫ hmax

hmin

k(h)Φ(h)dh

=
∫ hmax

hmin

h3

12

[
1+6

l2

h2 −3
ml2

h2
ch(mh)+1

sh(mh)

]
Φ(h)dh

= k0 +
∫ hmax

hmin

hl2

2

[
1− mh(ch(mh)+1)

2sh(mh)

]
Φ(h)dh

(13)

Eq. (13) presents the dependence of km on pore structure
and micropolar fluid characteristics.

For compressible fluids,

ρ = ρ0
[
1+Cρ (p− p0)

]
(14)

The porosity of a compressible formation is

φ = φ0
[
1+Cφ (p− p0)

]
(15)

The motion equation of a micropolar fluid is expressed as:

~v =− km

µv +
dv

2

∇p (16)

The mass conservation equation is:

∂ (ρφ)

∂ t
=−div(ρ~v) (17)

Substituting Eqs. (14)-(16) into Eq. (17) yields the follow-
ing equation:

∂ p
∂ t

=
1

φCt
div

 km

µv +
dv

2

∇p

 (18)

Based on the linear theory of micropolar fluid introduced
above, and that Eq. (1) is a field equation with constants λv,
µv, dv, αv, βv, and γv, Eq. (18) can be written as:

∂ p
∂ t

=
k0kmr

φCt

(
µv +

dv

2

)∇
2 p

=
k0

φCt µv

kmr(
1+

dv

2µv

)∇
2 p

= d0kdr∇
2 p

(19)

where d0 = k0/(φCt µv), kdr = kmr/ [1+dv/(2µv)].
Eq. (19) reflects the feature of the propagation of mi-

cropolar fluid pressure, which is obviously related to the
characteristics of micropolar fluid.

2.2.2 Solution for micropolar fluid flow in an infinite
formation

Assuming that the formation that has H thickness and plate
shape is homogeneous and is enclosed by a supply boundary,
and a penetrated well of radius rw is located at the center of
the formation, the solution of the model can be obtained as

pi− p(r,t) =
Q
(

µv +
dv

2

)
2πkmH

[
−Ei

(
− r2

4d0kdrt

)]
(20)

where Ei represents a power integral, pi represents the original
formation pressure, p(r,t) represents the pressure at distance r
and time t, d0 represents the pressure transmitting coefficient,
t represents the production time of the well, Q represents
the well production, µv represents the viscosity of Newtonian
fluid, km represents the micropolar fluid permeability, H rep-
resents the formation thickness, Ct is comprehensive elastic
compression coefficient, r represents the distance from the
center, and dv represents the viscosity coefficient of micropolar
fluid. According to Eq. (20), viscosity dv has a significant
impact on pressure propagation.

3. Results and discussion

3.1 A case analysis
The Songliao Basin is located in Northeast China, ex-

tending across Heilongjiang, Jilin, Liaohe and Inner Mongolia
(Yang et al., 2021). It is a large Mesozoic continental petrolif-
erous basin developed on the hercynian fold basement with a
fault-depression dual geological structure (Deng et al., 2021).
It covers an area of about 26×104 km2 and has experienced
three evolutionary stages: early Cretaceous extensional fault
depression, Middle Cretaceous depression, and middle and
late Cretaceous regression (Yi et al., 2021). Lithologic strati-
graphic traps are controlled by the lacustrine delta sedimentary
environment and located near the transition zone between
lacustrine facies (Gao et al., 2021). The large and shallow
lacustrine delta systems formulated in the Songliao Basin
provide favorable conditions for the development of lithologic
stratigraphic traps. The oil and gas resources are rich, and the
geological petroleum resources amount to around 15 billion
tons (Sun et al., 2007; Gao et al., 2018; Zhang et al., 2021).

In order to verify the accuracy of the model, this pa-
per carries out evaluation through practical problems. The
historical fitting was carried out based on an oil production
well in the Songliao Basin. The production cycle of the well
was 400 days in total, and the development mode was infi-
nite formation variable production and pressure development.
The production history curve is shown in Fig. 3, and the
reservoir and production parameters used in the calculation
are presented in Table 1. All of the basic parameters were
input into the model established in this paper, and the yield
prediction results were compared with the actual production
data. The coincidence rate of the daily fluid production curve
was 94.21%, which shows good matching with the field data,
verifying the accuracy of the proposed mathematical model.

3.2 Characteristics of micropolar fluid flow in
formation
3.2.1 Pressure distribution

Fig. 4 and Fig. 5 exhibit the difference between the
pressure distribution of micropolar fluid and Newtonian fluid.
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Fig. 3. Comparison of the calculated results and the actual production rate.

Table 1. Input parameters for model verification.

Parameter Value
Initial formation pressure Pi (MPa) 24

Porosity φ 0.26

Reservoir thickness H (m) 10

Newtonian fluid permeability k0 (m2) 2×10−13

Total compressibility Ct
(
Pa−1) 1.29×10−9

Viscosity µv (Pa·s) 0.01
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Fig. 4. Characteristic pressure variation for different values of micropolar
parameter N2.

At the same flow rate, the non-Newtonian property is enhanced
with the increase of N2 and l̄, thus the pressure consumption of
micropolar fluid is much larger than that of Newtonian fluid.
A stronger micropolar property indicates a larger pressure
drop. The influence of micropolar parameter N2 on pressure
distribution is shown in Fig. 4. When N2 < 0.3, the pressure
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Fig. 5. Characteristic pressure variation for different values of micropolar
parameter l̄.

curves are almost identical, suggesting that the effect of
parameter N2 can be neglected. When N2 > 0.3, the difference
between micropolar fluid and Newtonian fluid becomes signif-
icantly larger, which becomes more apparent with the value
of N2 increasing. The pressure drop is in inverse relationship
with parameter l̄ when l̄ < 0.5, meaning that the pressure-
drop curves show distinct differences. If l̄ exceeds 0.5, the
pressure-drop curves are nearly overlapped, which reflects
the decreasing impact of l̄ on pressure. The distinguishing
feature of micropolar fluid is the larger apparent viscosity
and resulting increased flow resistance, which leads to greater
energy consumption, a wider pressure drop range, and lower
production.

3.2.2 Velocity distribution

The influence of micropolar parameters on the velocity
curve is shown in Fig. 6 and Fig. 7. Under a certain pres-
sure gradient, the flow velocity gradually decreases with the
increase of micropolar parameters N2 and l̄, and parameter N2

has a greater influence on velocity. As can be seen from Fig.
6, the velocity curves change obviously with parameter N2

that is less than 0.7. When N2 > 0.7, the velocity is barely
affected by parameter N2, and the effect of N2 decreases
when N2 increases. It can be observed from Fig. 7 that
velocity obviously varies with l̄ when l̄ < 0.5, whereas it is not
significantly related to l̄ when l̄ > 0.5. The cause of the above
phenomenon lies in the non-Newtonian property of fluid that
increases with micropolar parameters, resulting in larger flow
resistance and making the energy supply minimally effective.

3.2.3 Effect on inflow performance relationship curve

Fig. 8 and Fig. 9 show the influence of micropolar pa-
rameters on the Inflow Performance Relationship (IPR) curve,
in which the negative reciprocal of slope represents the oil
production index that reflects the oil feeding capacity of wells
(Wu et al., 2018). The oil production index shows a decreasing
trend when the enlargement of parameters N2 and l̄ appears.
As can be seen from Fig. 8, the overlap of the IPR curves is
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driven little by the effect of parameter N2 that is less than
0.3. However, increasing the production rate creates a rapidly
reduced flowing bottomhole pressure, which becomes dramatic
when N2 > 0.3. Fig. 9 indicates that a value of l̄ of less than
0.5 has obvious influence on the IPR curve, while that larger
than 0.5 does not. As the micropolar parameter increases, the
fluidity of formation fluid becomes worse.

4. Conclusions
(1) In this paper, a mathematical model of micropolar

fluid Hele-Shaw flow is established, and its analytical solution
is further obtained based on field theory. The micropolar
parameters N2 and l̄ that have a significant impact on apparent
permeability are the differences between the solutions of
micropolar fluid and Newtonian fluid.

(2) Based on the newly established unsteady mathematical
model of micropolar fluid radial flow in an infinite formation,
the analytical solution of pressure distribution features depen-
dence on the characteristics of micropolar fluid, especially
viscosity dv, which deviates from that of Newtonian fluid. As
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Fig. 8. IPR curves for different values of micropolar parameter N2.
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Fig. 9. IPR curves for different values of micropolar parameter l̄.

a result, the larger apparent viscosity of micropolar fluid causes
a larger flow resistance that raises the pressure consumption.

(3) The calculation reveals that the parameter N2 with a
value exceeding 0.3 or l̄ that is less than 0.5 significantly
affects pressure distribution and the oil production index, and
this effect is proportional to N2. The increases in N2 and l̄
are related to the enhancement of non-Newtonian property of
micropolar fluid, which leads to reduced well production.
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Nomenclature
Ct = Total compressibility, Pa−1

~f = Body force per unit mass, N/kg
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h = Plate flow channel height, m
H = Formation thickness, m
d0 = Pressure transmitting coefficient, m2 ·Pa/(Pa · s)
kmr = Relative permeability of micropolar fluid
k = Available the permeability of micropolar fluid, m2

k0 = Newtonian fluid permeability, m2

km = Micropolar fluid permeability, m2

~L = Body moments per unit mass
p = Fluid pressure, Pa
pi = Original formation pressure, Pa
p(r,t) = Pressure at distance r and time t, Pa
Q = Production rate, m3/s
r = Supply radius, m
t = Production time, s
~v = Velocity vector, m/s
v̇ = Inertial acceleration, m/s2

~w = Micro-rotation velocity vector, rad/s
dv, αv, βv, and γv = Viscosity coefficient of the micropolar

fluid
λv and µv = Viscosity of the Newtonian fluid, Pa · s
∏ = Thermodynamic pressure, Pa
ρ = Fluid density, kg/m3

σ̇ = Inertial spin
φ = Porosity
ρ0 = Fluid density at initial pressure, kg/m3

Cρ = Fluid compressibility, Pa−1

p0 = Initial pressure, Pa
φ0 = Porosity at initial pressure
Cφ = Rock compressibility, Pa−1
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